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matrices, vectors

real matrix with m rows and n columns

real column vector with n entries

row vector

ith element of vector
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matrices, vectors

First index is row, second is column. 
Memory hook: matrices are mostly saved row-wise (as you read 
sentences on a page in western languages). First you jump to the 
line of the page, then to word on that line.
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matrices, vectors

(be careful, the a vectors here have different meanings)

matrix of column vectors matrix of row vectors
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matrix multiplication
given two matrixes                 and
their product is defined as:

with

associative and distributive, 
but in general not commutative

B 2 Rn⇥pA 2 Rm⇥n

C = AB 2 Rm⇥p

cij =
nX

k=1

aikbkj



vector-vector products

inner/dot/scalar product 

note: x

T
y = y
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vector-vector products

outer product aka cross product

= x⇥ y

xy
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matrix-vector products

x 2 RnA 2 Rm⇥n

y = Ax 2 Rm
given a matrix                 and a vector            , their 
product is defined as
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matrix-vector products
y can also be seen as a linear combination of the columns 
of A with coefficient given by the entries of x
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diagonal matrices are...

matrices that have non-zero entries only on the diagonal

D = diag(d1, d2, . . . , dn)

dij =

⇢
di i = j
0 else



identity matrix

some matrix

iij =

⇢
1 i = j
0 else

I = diag(1, 1, . . . , 1)

IA = A = AI



transpose of a matrix

facts:

(AT )ij = (A)ji

(AT )T = A

(AB)T = BTAT

(A+B)T = AT +BT

A+AT

A = ATIf             then we call A 
symmetric.              is 
always symmetric.



norms
informally: measure of length of a vector

||x||2 =

vuut
nX

i=1

x
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|xi|

||x||1 = max

i
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(Euclidean norm)



inverse of a matrix

We call a matrix invertible or non-singular if its 
inverse exists. 
Otherwise, we call it non-invertible or singular.

facts:

A�1A = I = AA�1

(A�1)�1 = A

(A�1)T = (AT )�1 = A�T

(AB)�1 = B�1A�1



determinant
if A = (a) 2 R1⇥1 then det(A) = a

det(A) =
nX

j=1

(�1)j+1a1jdet(A1j)otherwise

notation: det(A) ! |A|

facts for square matrices A, B:
det(AB) = det(A)det(B)
det(AT) = det(A)
det(cA) = cn det(A)
det(A) " 0 ⇔ A is nonsingular



determinant

The area of the parallelogram is the 
absolute value of the determinant of the 

matrix formed by the vectors representing 
the parallelogram's sides.



eigenvalues & -vectors
given                                    . If 

holds,    is an eigenvalue of    with the 
corresponding eigenvector   . 
There are n eigenvalue/eigenvector pairs.

Ax = �x, x 6= 0

� A

x

A 2 Rn⇥n,� 2 C,x 2 Cn

Formally: the eigenvalues of a matrix A are the n 
roots of its characteristic polynomial 

p(z) = det (z I - A)



eigenvalues & -vectors
intuition: If the multiplication of a vector with a 
matrix does not change its direction, that 
(blue!) vector is an eigenvector of that matrix.

which eigenvalue
is associated with
the blue eigenvector?



trace of a (square!) matrix

facts:

tr(A) =
nX

i=1

aii =
nX

i=1

�i

A 2 Rn⇥n ) tr(A) = tr(AT )

A,B 2 Rn⇥n ) tr(A+B) = tr(A) + tr(B)

ABC 2 Rn⇥n ) tr(ABC) = tr(BCA) = tr(CAB)



further reading
http://cs229.stanford.edu/section/cs229-linalg.pdf

http://matrizen-rechner.de/ 

Gene Golub and Charles van Loan, Matrix Computations, John 
Hopkins University Press

we don’t want to scare you, but...
a word for the wise: if you are and plan to remain 

uncomfy with these things, think again about 
taking this class. we do require some maths
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